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Abstract. This paper presents a new approach for restoration and edges detection in ultrasound images
corrupted with Rayleigh distributed multiplicative noise (speckle). We consider a semilinear PDE from

which we derive the asymptotic expansion of the energy functional. We will give a theoretical expansion of
the topological sensitivity approach to detect and preserve set of edges of the ultrasound image during the

restoration process. We present numerical results which illustrate the efficiency of the proposed approach.

1. Introduction and problem formulation

In this work, we are concerned with the use of topological gradient method to perform edge detection and image
restoration for ultrasound images. This gradient gives the sensitivity of the cost function when a small hole is created
at a point. The principle is as follows: we consider Ω a domain of R2 and j(Ω) = J (u0) a cost function to be
minimized, where u0 is the solution to a given PDE. For a small ρ > 0, let Ωρ the perturbed domain of Ω by removing
an ellipse Eρ = x0 + ρE of size ρ centered at x0, i.e Ωρ = Ω \ Eρ, where E = {(a cos(θ), b sin(θ)), 0 ≤ θ ≤ 2π}. We
can generally prove that the variation of the criterion has the asymptotic expansion:

J (uρ)− J (u0) = ρ2G(x0) + o(ρ2).

This expansion is called the topological asymptotic. To minimize the criterion J (.), we have to create an ellipse
where G(x0) (the topological gradient at the point x0) is negative. In order to identify the edges of an image and
smooth it elsewhere, we compute the asymptotic expansion of the following cost function J (uρ) = 1

2

∫
Ωρ
|∇uρ|2dx,

where uρ is a solution of the equation:
−div(λ∇uρ) +

u2
ρ − f2

u2
ρ

= 0 in Ωρ,

∂nuρ = 0 on Γ,
∂nuρ = 0 on ∂Eρ,

where Γ ∪ ∂Eρ = ∂Ωρ, λ is a positive constant and f is the noisy image.
To restore the image u we solve the previous equation with the piecewise constant function λ:

λ =

{
λ1 if x0 ∈ {x ∈ Ω such that G(x0) < α < 0},
λ0 otherwise (λ1 � λ0),

where α is a given negative threshold.

2. Numerical results

The following figure shows the original brain image (a) perturbed by speckle noise (b) of standard deviation
σ = 0.28, the edges obtained by the topological gradient (c) with α = −150 and the recovered image (d) with λ0 = 2.
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Figure 1. (a) Original image, (b) noisy image (PSNR = 22.24dB, SNR = 11.61dB, SSIM =
0.67), (c) contour and (d) the restored image (PSNR = 30.5dB, SNR = 19.5dB, SSIM = 0.9).
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